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Abstract Based on the theory of an elastic solid-fluid mixture and the concept of
volume fraction, a theory of porous media can be formulated consistent with basic
characteristics in soil mechanics, such as Darcy’s law, uplift force, and the effective
stress principle. Boundary value problem for different models of poroelasticity can
be considered depending on the assumptions of incompressibility of solid or fluid
constituents. From the consideration of acceleration waves, there are two longitudi-
nal waves in general, except for the model with both incompressible solid and fluid
constituents, which admit only one longitudinal wave as known in the literature.

In memory of Professor Krzysztof Wilmanski

1 An elastic solid-fluid mixture

For a continuum theory of mixture, all constituents are supposed to be able to occupy
the same region of space simultaneously. Let Bα denote the constituent α and κα

be its reference configuration and denote Bα = κα(Bα). The motion of Bα is a
smooth mapping,

χ
α : Bα × IR→ IE, x = χ

α(Xα , t), Xα ∈ Bα .

It states that for different motion of each constituent, at the instant t, there is a mate-
rial point Xα ∈Bα in each constituent, Xα = κα(Xα), that occupies the same spatial
position x in the Euclidean space IE. The velocity and the deformation gradient of
each constituent are defined as

vα =
∂

∂ t
χ

α(Xα , t), Fα = ∇XXXα
χ

α(Xα , t).
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We consider a non-reacting solid-fluid mixture (α = s, f) with the following bal-
ance equations of the partial mass and the partial linear momentum of each con-
stituent, and the energy equation of the mixture:

ρ̀s +ρs divvs = 0,

ρ̀f +ρf divvf = 0,

ρsv̀s−divTs +mf = ρsbs,

ρfv̀f−divTf−mf = ρfbf,

ρ
•
ε +divq− tr(T gradv) = ρr,

(1.1)

where ρs, ρf are the partial mass densities; Ts, Tf are the partial Cauchy stresses; mf is
the interactive force on the fluid constituent; ε , q are the internal energy density and
the heat flux of the mixture. The material derivatives with respect to the constituent
and the mixture have been used,

ỳα =
∂yα

∂ t
+(gradyα)vα ,

•
y =

∂y
∂ t

+(grady)v.

To establish field equations of the basic field variables, {ρs,ρf,
χs,χ

f,θ}, consti-
tutive equations for the quantities in the balance equations,

f = {Ts,Tf,ε,q,mf}, (1.2)

must be specified. For an elastic solid-fluid mixture, we consider the constitutive
equations of the form:

f = F (θ ,ρf,Fs,gradθ ,gradρf,gradFs,V ). (1.3)

where θ is the temperature and V = vf− vs is referred to as the relative velocity.
Thermodynamic considerations of such a mixture theory has been considered by

Bowen [1] in which consequences of the entropy principle have been analyzed with
Coleman-Noll procedure to obtain general restrictions on the constitutive equations.
These results have been confirmed from the analysis with the use of Lagrange multi-
pliers by Liu in [8], and can be summarized in the following constitutive equations:

Tf = ρfψf I−
∂ρψI
∂ρf

ρf I +ρf
∂ψf
∂V
⊗V,

Ts = ρsψs I +
∂ρψI
∂Fs

FT
s +ρs

∂ψs

∂V
⊗V,

ε = ψI−θ
∂ψI
∂θ

+
1
2

ρfρs

ρ2 V ·V,

m0
f
=

∂ρsψ
0
s

∂ρf
gradρf−

∂ρfψ
0
f

∂Fs
·gradFs, q0 = 0.

(1.4)

where 0 denotes the equilibrium value at the state with V = 0 and gradθ = 0.
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These constitutive equations depend solely on the constitutive functions of the
free energy,

ψf = ψf(θ ,ρf,Fs,V ), ψs = ψs(θ ,ρf,Fs,V ),
ψI = ψI(θ ,ρf,Fs).

(1.5)

Note that although the partial free energies ψf and ψs may depend on the relative
velocity V , the (inner) free energy ψI,

ρψI = ρfψf +ρsψs,

does not depend on V .
Moreover, from (1.4) and (1.5), the sum of partial stresses becomes

TI = ρψI I−
∂ρψI
∂ρf

ρf I +
∂ρψI
∂Fs

FT
s ,

T = TI(θ ,ρf,Fs)−
1
2

ρsρf
ρ

V ⊗V.

(1.6)

Similarly, although the partial stresses Tf and Ts may depend on V , the sum of partial
stress, TI = Tf +Ts, does not depend on V .

If we define the equilibrium partial fluid pressure as

pf = ρf

(∂ρψI
∂ρf

−ψ
0
f

)
, (1.7)

then the equilibrium fluid stress reduces to the pressure, T 0
f

=−pf I, and

Tf =−pf I +ρf(ψf−ψ
0
f
)I +ρf

∂ψf
∂V
⊗V, (1.8)

and from (1.4)4 and (1.7), the interaction force can be written as

m0
f
=

pf
ρf

gradρf−ρf(gradψ
0
f
)
∣∣∣
0
. (1.9)

Note that the definition of equilibrium fluid pressure in (1.7) implies the usual
relation for a pure fluid,

p = ρ
2 ∂ψ

∂ρ
. (1.10)

2 Saturated porous media

The solid-fluid mixture considered in the previous section can be regarded as a
model for saturated porous media provided that the concept of porosity is intro-
duced. For mixture theory of porous media, a material point is regarded as a repre-
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sentative volume element dV which contains pores through them fluid constituent
can flow. Physically, it is assumed that a representative volume element is large
enough compare to solid grains (connected or not), yet at the same time small
enough compare to the characteristic length of the material body.

Let the volume fraction of pores be denoted by φ , then for a saturated porous
medium, the volume fractions of the fluid and the solid are

dVf = φ dV, dVs = (1−φ)dV.

Remember that in the mixture theory, the mass densities are defined relative to
the mixture volume, so that the fluid and solid mass in the representative volume
element are given by

dMf = ρf dV = df dVf, dMs = ρs dV = ds dVs,

and hence,
ρf = φ df, ρs = (1−φ)ds, (2.1)

where df and ds are the true mass densities of fluid and solid constituents respec-
tively.

2.1 Pore fluid pressure

We shall also regard the partial fluid pressure pf in the mixture theory as the out-
come of a “microscopic” pressure acting over the area fraction of surface actually
occupied by the fluid in the pore, i.e.,

pf dA = PdAf, hence, pf = φaP,

where P will be called the pore fluid pressure and φa = dAf/dA is the area fraction
of the pores.

In general, the volume fraction φ and the area fraction φa may be different, yet
for practical applications, we shall adopt a reasonable assumption that they are the
same for simplicity, so that the pore fluid pressure is defined as

P =
pf
φ

. (2.2)

The pore pressure is an important concept in soil mechanics [3, 7].

Let us write the stresses in the following form,

Tf =−φPI +T f,

Ts =−(1−φ)PI +T s.
(2.3)

We call T f the extra fluid stress and T s the effective solid stress.
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2.2 Equations of motion

The equations of motion (1.1)3,4 for the fluid and the solid constituents can now be
written as

φdfv̀f =−φ gradP−Pgradφ +divT f +mf +φdfg,

(1−φ)dsv̀s =−(1−φ)gradP+Pgradφ +divT s−mf +(1−φ)dsg,
(2.4)

where the body force is the gravitational force g.

On the other hand, from (1.9), the interactive force mf in equilibrium becomes

m0
f
= Pgradφ −φr0, r0 =− P

df
graddf +df(gradψ

0
f
)
∣∣∣
0
. (2.5)

By canceling out the term Pgradφ in (2.4) from the interactive force (2.5) leads to
the following equations of motion for porous media,

φdfv̀f =−φ gradP+divT f +(mf−m0
f
)−φr0 +φdfg,

(1−φ)dsv̀s =−(1−φ)gradP+divT s− (mf−m0
f
)+φr0 +(1−φ)dsg,

(2.6)

2.3 Linear theory

Since equilibrium is characterized by the conditions, gradθ = 0 and V = 0, in a
linear theory, we shall assume that |gradθ | and |V | are small quantities, and that
o(2) stands for higher order terms in these quantities.

From (1.8) and (2.3), the extra fluid stress,

T f = φdf(ψf−ψ
0
f
)I +φdf

∂ψf
∂V
⊗V ≈ o(2), (2.7)

is a second order quantity because the free energy of fluid constituent must be a
scalar-valued isotropic function of the vector variable (V ·V ).

Moreover, we can define the resistive force as

r = r0− 1
φ

(mf−m0
f
).

It is the force against the flow of the fluid through the medium. Since the non-
equilibrium part of the interactive force, (mf−m0

f
), vanishes in equilibrium, we can

represent the resistive force as

r = RV +Ggradθ + r0 +o(2). (2.8)
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The parameter R is called the resistivity tensor, and its inverse R−1 is called the
permeability tensor.

2.3.1 Darcy’s law, uplift, and effective stress principle

The equations of motion (2.6) in the linear theory becomes

dfv̀f =−gradP− r +dfg,

(1−φ)dsv̀s =−(1−φ)gradP+divT s +φ r +(1−φ)dsg.
(2.9)

The equation (2.9)1 for the motion of the fluid is a generalized Darcy’s law. In-
deed, for stationary case, and only r = RV is taken into account from (2.8), it reduces
to the classical Darcy’s law,

vf− vs =−R−1(gradP−dfg).

We can obtain an interesting equation for the solid constituent if we multiply the
equation (2.9)1 by (1−φ) and subtract it from the equation (2.9)2,

(1−φ)dsv̀s−divT s = r +(1−φ)(ds−df)g+(1−φ)dfv̀f. (2.10)

From this equation, we notice that the effective stress is not affected by the pore
fluid pressure — this is known as the effective stress principle in soil mechanics
(see [3]).

Note that there are three terms of forces on the right-hand side of the equation
(2.10). The first one is the usual resistive force r of diffusive motion. The second
term, (1− φ)(ds− df)g, is the weight of solid reduced by the uplift (or buoyancy)
from the fluid corresponding to the principle of Archimedes. The importance of
uplift in soil structures had been one of the major concern in the development of
soil mechanics (see [2]).

The third term, (1−φ)dfv̀f, is the inertia force against the displacement of fluid
in the motion of the solid through it. In the theory of Biot (see [11]), the relative
acceleration was introduced as a part of interactive force between solid and fluid
constituents to account for the apparent added mass effect he expected in the dif-
fusive processes. The inertia force considered here seems to correspond to such an
effect. However, from the derivation above, it is clear that it is not a part of interac-
tive force, since there is no inertia effect on the motion of fluid (2.9)1.

3 Problems in poroelasticity

Hereafter we shall restrict our attention to mechanical problems (isothermal case)
of the theory of elastic porous media, also known as poroelasticity. The governing
equations are based on the balance equations of partial mass (1.1)1,2 and partial
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momentum of fluid and solid constituents (2.9), :
(φdf)`+φdf divvf = 0,

((1−φ)ds)`+(1−φ)ds divvs = 0,

φ dfv̀f +φ gradP−divT f +φ r = φ dfg,

(1−φ)dsv̀s +(1−φ)gradP−divT s−φ r = (1−φ)dsg.

(3.1)

For this system of equations, from (2.3), (2.5), (2.7), and (2.8), we have the follow-
ing constitutive relations:

T f = φdf(ψf−ψ
0
f
)I +φdf

∂ψf
∂V
⊗V ≈ o(2),

T s = TI +PI−T f = TI +PI +o(2),

r = RV − P
df

graddf +df(gradψ
0
f
)+o(2).

(3.2)

where o(2) stands for higher order terms in |V |, and

ψf = ψf(φ ,df,Fs,V ), P = P(φ ,df,Fs), TI = TI(φ ,df,Fs).

3.1 Some models of porous media

The governing system (3.1) consists of two scalar and two vector equations, while
besides the two vector variables of the motions of fluid and solid constituents, there
are three scalar variables, namely, the two true densities, df and ds, and the poros-
ity φ . Therefore, the system is under-determinate, namely, there are less number of
equations than the number of independent variables.

Porosity is a microstructural variable of the porous media. To deal with this addi-
tional variable, without postulating an additional (evolution or balance) equation for
porosity, as proposed in some mixture theories in the literature ([10, 12]), there re-
main some possibilities to formulate deterministic theories from the present theory
of porous media. We may consider following models:

1. Firstly, we can regard the porosity as a constitutive quantity, given by a constitu-
tive relation.

Independent variables: (df,ds,χ
f,

χs).

Constitutive variables:

P = P(df,Fs), φ = φ(df,Fs), r = r(df,Fs,V ),

T f = T f(df,Fs,V ), T s = T s(df,Fs,V ).
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Secondly, we can make some assumption of incompressibility of solid or fluid
constituent to reduce the number of scalar variables.

2. Incompressible solid constituent: constant ds.

Independent variables: (φ ,df,
χ

f,
χs).

Constitutive variables:

P = P(φ ,df,Fs), r = r(φ ,df,Fs,V ),

T f = T f(φ ,df,Fs,V ), T s = T s(φ ,df,Fs,V ).

3. Incompressible fluid constituent: constant df.

Independent variables: (φ ,ds,χ
f,

χs).

Constitutive variables:

P = P(φ ,Fs), r = r(φ ,Fs,V ),
T f = T f(φ ,Fs,V ), T s = T s(φ ,Fs,V ).

4. Incompressible porous medium: constant ds and df.

Note that even composed with incompressible constituents, the porous body is
not necessarily incompressible because the porosity may vary. Moreover, we can
regard the pore pressure P as an indeterminate pressure so that the system is de-
terministic.

Independent variables: (φ ,P,χ
f,

χs).

Constitutive variables:

T f = T f(φ ,Fs,V ), T s = T s(φ ,Fs,V ) r = r(φ ,Fs,V ).

3.2 Boundary conditions

Regarding the boundary as a singular surface between the porous body and the ex-
ternal medium, we have the following jump conditions for the mixture as a single
body,

[[ρ(v−u∗) ]] ·n = 0,

[[ρv⊗ (v−u∗)−T ]]n = 0,
(3.3)

where u∗ is the surface velocity of the boundary.
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Therefore, at the boundary of a solid-fluid mixture body, we have vs = u∗ and the
jump conditions (3.3) becomes,[[

ρfV
]]
·n = 0,[[

v⊗ρfV − (Tf +Ts)+
1
2

ρfρs

ρ
V ⊗V

]]
n = 0,

(3.4)

Furthermore, the boundary of a porous body can also be regarded as a semiper-
meable singular surface for the fluid constituent, in other words, the fluid can flow
across the boundary and the solid cannot. In a semipermeable boundary, it has been
proved that the jump condition of energy is given by (see [6]),[[

µf +
1
2V 2−V ·

∂ψf
∂V

]]
= 0,

where µf =
∂ρψI
∂ρf

is the fluid chemical potential. From (1.7), pf = ρf(µf−φ 0
f
), it

implies the jump condition for the pore fluid pressure in a porous body,

[[P ]]+df

[[
ψ

0
f
+

1
2

V 2−V ·
∂ψf
∂V

]]
= 0. (3.5)

Based on the above jump conditions, we can formulate the boundary condition
for the system of partial differential equations. For well-posedness of the problem,
two boundary conditions are needed at any point on the boundary, in addition to
the proper initial conditions. There are two type of boundary conditions, namely,
prescription of the motion of the boundary or the force acting on the free boundary
described in the following, where the subindex w denotes the corresponding pre-
scribed value at the exterior side of the boundary.

3.2.1 Dirichlet conditions

These are displacement (velocity) boundary conditions. From (3.4)1, one can pre-
scribe the solid displacement uw and the fluid mass flow mw,

us = uw, φ df(vf− vs) ·n = mw,

where us is the displacement vector of the solid constituent.

3.2.2 Neumann conditions

Traction boundary conditions must be prescribed according to the relations (3.4)2
and (3.5). Provided that the fluid mass flux is small enough, one can prescribe the
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total surface traction tw,

T n = (Ts +Tf)n = tw.

If in addition, the equilibrium free energy ψ0
f

is a function of df only, then the second
condition implies the continuity of the pore pressure across the boundary,

Pn = pwn,

where pw is the pressure of the adjacent fluid acting on the boundary.

3.2.3 Remarks on boundary conditions on a free boundary

Since there are two equations of motion in the systems of governing equations, for
a free boundary, two traction boundary conditions are needed. However, unlike the
continuity of total traction, the continuity of pore pressure has been mostly ignored
in the literature, and an additional boundary condition is often postulated for the
closure of the problem.

It is proposed by Rajagobal [9] a “method of splitting the total traction” into parts
acting on the fluid and the solid constituents according to the proportion of volume
fraction (or surface fraction more exactly). Therefore, suppose that the boundary
separates the porous body and the external fluid with pressure pw, then the method
requires that

Tfn≈−pfn =−
ρf
df

pwn.

Since the pore fluid pressure is defined as P = pf/φ and ρf = φdf, the proposed
splitting method is consistent with the the continuity of pore fluid pressure at the
semipermeable surface.

Another condition was suggested by Deresiewicz [4, 11]; in which an interfacial
version of Darcy’s law simulates the fluid flow across the boundary,

ρf(vf− vs) ·n = α

(
pf−

ρf
df

pw

)
,

where α is referred to as the interface permeability. For α = 0 the condition reduces
to vf = vs, i.e., the boundary is impermeable, while for α = ∞, it reduces to the con-
tinuity of pore fluid pressure. For the value in between, the boundary is not an ideal
singular surface as proposed in the usual mixture theories, instead, the interface has
its physical property. To include such an effect, a more sophisticated mixture theory
containing interfacial membrane must be considered. Such a theory is beyond the
present consideration. However, with of the jump condition (3.5), which relates the
mass flux and the pore pressure across the boundary, it seems that the postulate of an
additional condition, such as Deresiewicz condition, is superfluous in the framework
of the usual mixture theories of porous media.
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4 Acceleration waves

It is known in a theory of binary fluid mixture, there are two longitudinal waves,
usually referred to as the first and the second sound (see [10] Appendix 5B). For
porous media, the existence of two longitudinal waves, referred to as P1 and P2
waves, was predicted in Biot’s theory [11]. From this observation, mathematically,
the existence of two longitudinal wave in a well formulated theory of two com-
ponent system seems beyond doubt in general. Nevertheless, the non-existence of
second longitudinal wave in incompressible porous media has been pointed out in
the literature (see [11]). Therefore, we would like to consider wave propagations in
the porous models formulated from the present theory under some incompressibility
assumption and show that indeed, in the model with both incompressible solid and
fluid constituents, the second longitudinal wave does not exist. In other models with
only one incompressible constituent two longitudinal waves may exist in general.

4.1 Wave front propagation

A propagating wave can be regarded as a moving singular surface through a material
region, across which some physical quantities may suffer jump discontinuity. Let

[[A ]] = A−−A+,

be the jump of the quantity A, where A− and A+ denote its limiting value ahead and
behind of the surface respectively. Let n be the unit normal vector pointing in the
propagating direction and U be the normal speed of the moving singular surface in
the present configuration.

According to Hadamard lemma, if [[A ]] = 0, we have the following geometric and
kinematic compatibility conditions:

[[gradA ]] = [[gradA ·n ]]n,

[[
∂A
∂ t

]]
=−U [[gradA ·n ]] . (4.6)

We shall consider a wave front propagating into a homogeneous region of porous
body in equilibrium, in which vf = vs = 0. For a weak discontinuity wave, i.e., on
the singular surface, we assume that[[

vf

]]
= 0, [[vs ]] = 0, [[Fs ]] = 0,[[

df

]]
= 0, [[ds ]] = 0, [[φ ]] = 0,

and let

af =
[[

∂vf
∂ t

]]
, as =

[[
∂vs

∂ t

]]
, δf =

[[
∂df
∂ t

]]
, δs =

[[
∂ds

∂ t

]]
, ϕ =

[[
∂φ

∂ t

]]
.
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The amplitude vectors af and as are the jumps of acceleration of fluid and solid
constituents and such a weak wave is called an acceleration wave.

By repeated use of the compatibility conditions (4.6), the following jump condi-
tions at the wave front hold:[[

gradvf

]]
=− 1

U
af⊗n, [[gradvs ]] =−

1
U

as⊗n,[[
graddf

]]
=− 1

U
δf n, [[gradds ]] =−

1
U

δs n,

[[gradφ ]] =− 1
U

ϕ n, [[gradFs ]] =
1

U2 as⊗FT n⊗n.

(4.7)

Since the relative velocity V = vf− vs = 0 vanishes at the wave front, we can
replace the equations of motion in (3.1)3,4 by the equations (2.9)1 and (2.10) of the
linear theory,

dfv̀f =−gradP− r +dfg,

(1−φ)(dsv̀s−dfv̀f) = divT s + r +(1−φ)(ds−df)g,
(4.8)

in the systems of the governing equations, without loss of generality.

4.2 Porous media with incompressible solid constituent

We consider the porous media model of incompressible solid constituent (ds =
constant) governed by the system (3.1). With the following abbreviations for par-
tial derivatives,

PA =
∂P
∂A

, HA =
∂T s

∂A
,

and

r = RV − P
df

graddf +df gradψ
0
f

= RV +Rdf
graddf +Rφ gradφ +RFs ·gradFs,

the jumps of the governing equations at the wave front become

Udf ϕ +Uφ δf−φdf(af ·n) = 0,

U ϕ +(1−φ)(as ·n) = 0,

U2dfaf−U(Pφ +Rφ )ϕ n−U(Pdf
+Rdf

)δfn+
(
(RFs +PFs) ·as⊗FT

s n
)

n = 0,

U2(1−φ)(dsas−dfaf)+U(Rφ I +Hφ )ϕ n

+U(Rdf
I +Hdf

)δfn−
(
(I⊗RFs +HFs) ·as⊗FT

s n
)

n = 0.

For clarity, the last two equations in (Cartesian) component forms are



Some problems of poroelasticity 13

U2dfa
i
f
−U(Pφ +Rφ )ϕ ni−U(Pdf

+Rdf
)δfni +

(
(RFs +PFs)kaak

sF ja
s n j

)
ni = 0,

U2(1−φ)(dsai
s−dfa

i
f
)+U(Rφ I +Hφ )i jϕ n j

+U(Rdf
I +Hdf

)i jδfn j−
(
(δi j(RFs)ka +(HFs)i jka)ak

sF la
s nl

)
n j = 0.

If we define

Π̂ik = (RFs +PFs)kaF ja
s n j ni, Q̂ik = (δi j(RFs)ka +(HFs)i jka)F la

s nln j, (4.9)

then the system can be written as

Udf ϕ +Uφ δf−φdf(af ·n) = 0,

U ϕ +(1−φ)(as ·n) = 0,

U(Pφ +Rφ )ϕ n+U(Pdf
+Rdf

)δfn−U2dfaf− Π̂ as = 0,

U(Rφ I +Hφ )ϕ n +U(Rdf
I +Hdf

)δfn−U2(1−φ)(dfaf−dsas)− Q̂as = 0.

(4.10)

4.2.1 Longitudinal acceleration waves

For longitudinal waves, let

af = âfn, as = âsn,

i.e., the amplitude vectors of accelerations of fluid and solid constituents are in the
direction of the propagation direction, and let

P̂φ = Pφ +Rφ , P̂df
= Pdf

+Rdf
, Ĥφ = Rφ +n ·Hφ n, Ĥdf

= Rdf
+n ·Hdf

n.

The system (4.10) then can be written as
Udf Uφ −φdf 0
U 0 0 (1−φ)

UP̂φ UP̂df
−U2df −n · Π̂n

UĤφ UĤdf
−U2(1−φ)df U2(1−φ)ds−n · Q̂n




ϕ

δf
âf
âs

=


0
0
0
0

 .

The propagation condition requires the determinant of the coefficient matrix be van-
ish.

Obviously, if U = 0, the determinant is identically zero, as well as âf = âs = 0,
which is an uninteresting case. Therefore we are looking for moving longitudinal
wave with U 6= 0. The vanishing of the determinant can be simplified to
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det


df φ −φ 0
1 0 0 (1−φ)

P̂φ P̂df
−U2 −n · Π̂n

Ĥφ Ĥdf
−U2(1−φ) U2(1−φ)ds−n · Q̂n

= 0, (4.11)

which is a quadratic equation in U2, say

aU4 +bU2 + c = 0,

with the coefficients given by

a = φ(1−φ)ds,

b =−φ(n · Q̂n)+(1−φ)φ(n · Π̂n)

+(1−φ)2
φ P̂φ − (1−φ)(φds +(1−φ)df)P̂df

+(1−φ)(dfĤdf
−φ Ĥφ ),

c = φ P̂df
(n · Q̂n)−φ Ĥdf

(n · Π̂n)− (1−φ)φ(P̂φ Ĥdf
− P̂df

Ĥφ ).

In case there are two positive real roots of this quadratic equation, there will be
two longitudinal waves propagating in the porous body. Obviously, this possibility
depends on the constitutive parameters in the above coefficients.

To be more specific, we shall consider a simple case with constitutive relations,

ψ
0
f

= ψ
0
f
(df), T s = T s(Fs), (4.12)

so that
Hφ = 0, Hdf

= 0, Rφ = 0, RFs = 0.

Moreover, if we assume the free energy ψ0
f
(df) is the same as that of the pure fluid

in the pore and the relation (1.10) holds, i.e.,

P = d2
f

∂ψ0
f

∂df
, hence Pφ = 0, PFs = 0,

and, from (3.2), we have

Rdf
=−

( P
df
−df

∂ψ0
f

∂df

)
= 0.

In this simple case, we have, from (4.9),

P̂φ = 0, Π̂ = 0, Ĥφ = 0, Ĥdf
= 0,

Q̂ik = (HFs)i jkaF la
s nln j = Li jkl n jnl ,

(4.13)

where, from (2.3),

Li jkl =
∂T i j

s

∂Fka
s

F la
s



Some problems of poroelasticity 15

is the elasticity tensor of the solid constituent. It is usually assumed that the elasticity
tensor is strong elliptic and the compressibility is positive, i.e.,

Pdf
=

∂P
∂df

> 0, Li jkl uiv jukvl > 0 ∀ u,v 6= 0. (4.14)

The quadratic equation of the propagation condition can then be written as

(U2− c2
1)(U

2− c2
2)−

(df
ds

1−φ

φ
c2

2

)
U2 = 0, (4.15)

where, by (4.14),

c1 =

√
n · Q̂n

(1−φ)ds
, c2 =

√
∂P
∂df

,

are the well-known speeds of longitudinal wave in an elastic solid and an elastic
fluid respectively. In the present case, from the roots of (4.15), these two speeds are
modified by the presence of the last term in the equation (4.15).

From this simple case, it seems reasonable to expect two longitudinal wave
speeds, known as P1 and P2 wave, in the present theory of porous media with in-
compressible solid constituent, from the propagation condition (4.11) in general.

4.2.2 Transversal acceleration wave

For transversal wave, af ·n = 0 and as ·n = 0, from the the first three equations of
(4.10), it follows that

ϕ = 0, δf = 0, dfaf =− 1
U2 Π̂as,

and the last equation becomes(
(Q̂− (1−φ)Π̂)− (1−φ)dsU2 I

)
as = 0 (4.16)

Let as = âsm where m is a unit vector normal to to the propagation direction,
i.e., m ·n = 0. Then from (4.16), there is a transversal wave with propagation speed
given in the following relation,

(1−φ)dsU2 = m ·
(
Q̂− (1−φ)Π̂

)
m.

In particular, for the simple case given by (4.12), the velocity of propagation reduces
to the well-known speed of shear wave in an elastic body,

U = cs =

√
m · Q̂m

(1−φ)ds
.
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4.3 Porous media with incompressible fluid constituent

Similarly, for the model of incompressible fluid constituent (df = constant) governed
by the system (3.1), we have

U ϕ−φ(af ·n) = 0,

Uds ϕ−U(1−φ)δs +(1−φ)ds(as ·n) = 0,

UP̂φ ϕ n−U2dfaf− Π̂ as = 0,

U(Rφ I +Hφ )ϕ n −U2(1−φ)(dfaf−dsas)− Q̂as = 0.

(4.17)

For longitudinal waves, we have
U 0 −φ 0

Uds −U(1−φ) 0 (1−φ)ds

UP̂φ 0 −U2df −n · Π̂n
UĤφ 0 −U2(1−φ)df U2(1−φ)ds−n · Q̂n




ϕ

δs
âf
âs

=


0
0
0
0

 .

and the determinant of the coefficient matrix reduces to

det

 1 −φ 0
P̂φ −U2df −n · Π̂n
Ĥφ −U2(1−φ)df U2(1−φ)ds−n · Q̂n

= 0, (4.18)

which lead to the quadratic equation in U2,(
U2(1−φ)ds−n · Q̂n

)(
U2df−φ P̂φ

)
+(n · Π̂n)

(
U2(1−φ)df−φ Ĥφ

)
= 0.

Therefore, there may also exist two longitudinal wave in the incompressible fluid
model.

We may also consider a simple case that the pore pressure and the fluid free
energy are independent of Fs, so that Π̂ = 0. In this case, there are two longitudinal
waves (P1 and P2 waves),

U1 =

√
n · Q̂n

(1−φ)ds
, U2 =

√
φ

df
P̂φ .

The first wave is the same as the longitudinal wave in the elastic body, while the
second wave is essentially the compressive wave of pore fluid.

For transversal wave, from (4.17), one can easily check that the propagation con-
dition is exactly the same as the relation (4.16) for the incompressible solid model.
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4.4 Incompressible porous media

For an incompressible porous medium, we assume that both the solid and the fluid
true densities are constant. In this model the pore pressure is regarded as an indeter-
minate pressure, and for acceleration waves, we have, in addition,

[[P ]] = 0, [[gradP ]] = π n,

where π = [[gradP ·n ]]. By taking the jump of the system of equations (3.1) at the
wave front, we obtain

U ϕ−φ(af ·n) = 0,

U ϕ +(1−φ)(as ·n) = 0,

URφ ϕ n−U2
π n−U2dfaf− Π̂ as = 0,

U(Rφ I +Hφ )ϕ n −U2(1−φ)(dfaf−dsas)− Q̂as = 0.

(4.19)

The abbreviations are the same as before except

Π̂ik = (RFs)kaF ja
s n jni.

For longitudinal wave, the system can be written as
U 0 −φ 0
U 0 0 (1−φ)

URφ −U2π −U2df −n · Π̂n
UĤφ 0 −U2(1−φ)df U2(1−φ)ds−n · Q̂n




ϕ

π

âf
âs

=


0
0
0
0

 ,

and the determinant of the coefficient matrix reduces to

det

 1 −φ 0
1 0 (1−φ)

Ĥφ −U2(1−φ)df U2(1−φ)ds−n · Q̂n

= 0,

which gives only one propagation speed,

U2 =
φ n · Q̂n+φ(1−φ)Ĥφ

φ(1−φ)ds +(1−φ)2df
.

Therefore, there is no second longitudinal wave in this model as pointed out in the
literature. As for the transversal wave, the propagation speed is the same as before.
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